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Deformed QFTs on Moyal Minkowski space

» QFTs on a “noncommutative R*" can be obtained by
deforming QFTs on usual R*:
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deforming QFTs on usual R*:

» A:observable algebra with action of Poincaré group
w: translationally invariant state on A, GNS rep =, U,

7o (A)—=mu(A)g = (27) 4 / dp dx e U, (0p)mu(A) Uy, (0p) Uy (x)

[Grosse/L 07, Buchholz/Summers 08, Buchholz/L/Summers 11,...]
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Deformed QFTs on Moyal Minkowski space

» QFTs on a “noncommutative R*" can be obtained by
deforming QFTs on usual R*:

» A:observable algebra with action of Poincaré group
w: translationally invariant state on A, GNS rep =, U,

7o (A)—=mu(A)g = (27) 4 / dp dx e U, (0p)mu(A) Uy, (0p) Uy (x)

[Grosse/L 07, Buchholz/Summers 08, Buchholz/L/Summers 11,...]

» For Lorentz-covariant theories, need full Lorentz orbit
O ={NA L : ANeL)off's:

Uw(X’ /\)Ww(A)Q Uw(x’ /\)_1 = (Uw(X’ /\)ﬂ-w(A)Uw (Xv /\)_1)/\9/\—1

» Observable algebra Ag generated by all 7,(A)y, A€ A, 6 € ©
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Deformed QFTs on Moyal Minkowski space

» When deforming vacuum rep, deformed theory has
interesting locality properties (“wedge locality” — talk by Grosse)

» This localization makes it possible to do scattering theory

» ... but relies essentially on the spectrum condition spU,, C V.
[Buchholz/Summers 08]
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Deformed QFTs on Moyal Minkowski space

» When deforming vacuum rep, deformed theory has
interesting locality properties (“wedge locality” — talk by Grosse)

» This localization makes it possible to do scattering theory

» ... but relies essentially on the spectrum condition spU,, C V.
[Buchholz/Summers 08]

» Fails when deforming a thermal rep, spU,, = R* [Morfa-Morales 10]

» What are the thermal equilibrium states (KMS) of a field
theory deformed in the vacuum representation, if any?
Dynamics: time translation U.,(t). Inverse temperature 3 > 0 fixed.

» Deformation procedures producing wedge-local field theories
without using spectrum condition?

» Thermal properties of QFTs on noncommutative spaces?

Gandalf Lechner (Uni Leipzig) KMS states for NC QFT ICMP 2012 EVE]



KMS states for Rieffel-deformed algebras

» Consider QFT in vacuum state w (notation A = 7, (A), U = U,)

» Ao D Aqgy := {Ap : Ac A} = (A, xp) with Rieffel product x,
[Rieffel 92]

A@Bg = (A X9 B)@
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KMS states for Rieffel-deformed algebras

» Consider QFT in vacuum state w (notation A = 7, (A), U = U,)

» Ao D Aqgy := {Ap : Ac A} = (A, xp) with Rieffel product x,
[Rieffel 92]

A@Bg = (A X9 B)@

» For any translationally invariant functional ¢, there holds
¢(A xg B) = p(AB)

= @(A* xg A) = p(A*A) > 0 for states on A
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KMS states for Rieffel-deformed algebras

» Consider QFT in vacuum state w (notation A = 7, (A), U = U,)

» Ao D Aqgy := {Ap : Ac A} = (A, xp) with Rieffel product x,
[Rieffel 92]

A@B@ = (A X9 B)g

» For any translationally invariant functional ¢, there holds
¢(A xg B) = p(AB)

= @(A* xg A) = p(A*A) > 0 for states on A

Theorem

The translationally invariant KMS states at fixed temperature on
Aand Ay arein1: 1 correspondence via wg(Ag) = ws(A).
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Although such models at fixed 6 € © are quite popular, they are
» not Lorentz covariant

» not (wedge-) local

Need to consider the bigger observable algebra Ag O Agp
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Although such models at fixed 6 € © are quite popular, they are
» not Lorentz covariant

» not (wedge-) local

Need to consider the bigger observable algebra Ag O Agp

» No explicit description of its elements AyBy = ...

» Study the situation in a concrete model: free massive scalar
field in vacuum rep.

A = polynomials(¢(f)), f € #(R*)
(6. 0(&)) = [ dpda(-pE(~a) E(pra) -1
» Formally:

do(p)der (p') — € TP Gy (p )y (p) = Clp, P YU((8" — 6)p)
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» Certain functions of the vacuum translations U(x) lie in Ag
» KMS condition gives no information about wsz(U(x))
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» Certain functions of the vacuum translations U(x) lie in Ag
» KMS condition gives no information about wsz(U(x))

Form of KMS functionals

The set of all KMS Functionals wg on Ag is precisely the family of
functionals given by the n-point distributions

wg@el(m) st gggz"+1(p2n+1)) — 07
w8 (G0 (P1) -+~ B0z, (P2n)) =

2n n
. C(Pl pr)
_ 0:p; e'Pr-0ipr ko Prk
w( le Jpj) H Z H eﬁpyk+ip,k-22bglebpb

1</<r<n (I,r)eCan k=11 —

with a largely undetermined function “w(x) = w§ (U(x))"

» The w/? are translationally and rotationally invariant, normalized: w,‘?(l) =1,
real: w§(A*) = w9 (A)
» Calculation done using “twisted” KMS functionals [Buchholz/Longo 99]

Gandalf Lechner (Uni Leipzig) KMS states for NC QFT ICMP 2012 6/9



Positivity questions

Main Question: For which w is w a KMS state (w§ (A*A) > 0)?
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Positivity questions

Main Question: For which w is w a KMS state (w§ (A*A) > 0)?
» On each A, positivity holds.

» Hard to explicitly see positivity on Ag. Numerics?

» If w continuous: Positivity of two-point function,

wP(ATA) =0 Ffor A=Y ¢ (f),
k=1

requires w to be of positive type. Sufficient?
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Positivity questions

Main Question: For which w is w a KMS state (w§ (A*A) > 0)?
» On each A, positivity holds.

» Hard to explicitly see positivity on Ag. Numerics?

» If w continuous: Positivity of two-point function,

n
wP(ATA) =0 Ffor A=Y ¢ (f),
k=1
requires w to be of positive type. Sufficient?

Positivity by continuity of deformation

Let A=) o(f)---o(fr) € Awith wg(A*A) > 0and
A=3"¢(f)g, - - - (fn)e,. Then there exists ¢ > 0 such that

wg)(,z\*A) >0

fFor all 6, with |0 < .
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Positivity questions

Main Question: For which w is w a KMS state (w§ (A*A) > 0)?
» On each A, positivity holds.

» Hard to explicitly see positivity on Ag. Numerics?

» If w continuous: Positivity of two-point function,

wP(ATA) =0 Ffor A=Y ¢ (f),
k=1

requires w to be of positive type. Sufficient?

Positivity by continuity of deformation

Let A=) o(f)---o(fr) € Awith wg(A*A) > 0and
A=3"¢(f)g, - - - (fn)e,. Then there exists ¢ > 0 such that

wg)(,z\*A) >0

fFor all 6, with |0 < . Problem: ¢ depends on A.
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Approximation by Gibbs states

Produce an explicit w-function by finite volume approximation
» Formulate deformed field theory in a box [0, L]* with periodic
boundary conditions

» KMS states = (normal) Gibbs states wg ; (A) = T{E%ﬁ,f‘))
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Approximation by Gibbs states

Produce an explicit w-function by finite volume approximation

» Formulate deformed field theory in a box [0, L]* with periodic
boundary conditions

» KMS states = (normal) Gibbs states wg ;(A) =

» thermodynamic limit:

Tr(e=PHA)
Tr(e—AH)

w(x) = LILmoowﬁ,L(UL(X)) = { é i; 8

wg)((gel (Pl) T &62n(p2n)) - H Ip/ 01 Z H M

8oy
1<i<r<n «, r)ECG k=1 1—e"k

CZGn = {(I7 r) € C2n : lk = gl’k}
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Approximation by Gibbs states

Produce an explicit w-function by finite volume approximation

» Formulate deformed field theory in a box [0, L]* with periodic
boundary conditions

» KMS states = (normal) Gibbs states wg ;(A) =

» thermodynamic limit:

Tr(e=PHA)
Tr(e—AH)

-t {15

W?(éel(m)-'@ez"(pzn)): H oP1-01pr Z H P/k,Prk

1<i<r<n Ir)ECG k=1 1-— eﬂp’k
CZGn = {(I7 r) € C2n : lk = gl’k}
For distinct 6y, ..., 0,:

W (S0n (1) -~ B0, (£2))" (D0, () -+~ b0, (£a)) Hwﬁ )
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Conclusion

» Covariant QFTs on Moyal Minkowski space with observable
algebra Ae = Vo Ao}

» KMS states on each Ay, are easy to get (positivity of Rieffel's
deformation)

» KMS functionals on full Ag can be computed.

» Positivity?

» Structure of set of KMS states on Ag needs further
investigation
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