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Deformed QFTs on Moyal Minkowski space

» QFTs on a ‘‘noncommutativeR4’’ can be obtained by
deforming QFTs on usualR4 :

› A: observable algebra with action of Poincaré group
ω: translationally invariant state onA, GNS rep πω, Uω

πω(A) 7→πω(A)θ = (2π)−4
∫

dp dx e ipxUω(θp)πω(A)Uω(θp)−1Uω(x)

[Grosse/L 07, Buchholz/Summers 08, Buchholz/L/Summers 11,...]

» For Lorentz-covariant theories, need full Lorentz orbit
Θ = {Λθ0Λ−1 : Λ ∈ L} of θ’s:

Uω(x ,Λ)πω(A)θUω(x ,Λ)−1 = (Uω(x ,Λ)πω(A)Uω(x ,Λ)−1)ΛθΛ−1

› Observable algebraAΘ generated by all πω(A)θ, A ∈ A, θ ∈ Θ
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Deformed QFTs on Moyal Minkowski space

› When deforming vacuum rep, deformed theory has
interesting locality properties (‘‘wedge locality’’→ talk by Grosse)

› This localization makes it possible to do scattering theory

› ... but relies essentially on the spectrum condition spUω ⊂ V+

[Buchholz/Summers 08]

› Fails when deforming a thermal rep, spUω = R4 [Morfa-Morales 10]

Questions:
› What are the thermal equilibrium states (KMS) of a field
theory deformed in the vacuum representation, if any?
Dynamics: time translation Uω(t). Inverse temperature β > 0 fixed.

› Deformation procedures producing wedge-local field theories
without using spectrum condition?

› Thermal properties of QFTs on noncommutative spaces?
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KMS states for Rieffel-deformed algebras

› Consider QFT in vacuum state ω (notation A = πω(A), U = Uω)

› AΘ ⊃ A{θ} := {Aθ : A ∈ A} ∼= (A,×θ) with Rieffel product×θ
[Rieffel 92]

AθBθ = (A×θ B)θ

› For any translationally invariant functional ϕ, there holds

ϕ(A×θ B) = ϕ(AB)

⇒ ϕ(A∗ ×θ A) = ϕ(A∗A) ≥ 0 for states onA

Theorem
The translationally invariant KMS states at fixed temperature on
A andA{θ} are in 1 : 1 correspondence via ωθβ(Aθ) := ωβ(A).
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Although such models at fixed θ ∈ Θ are quite popular, they are

› not Lorentz covariant

› not (wedge-) local

Need to consider the bigger observable algebraAΘ ⊃ A{θ}

› No explicit description of its elements AθBθ′ = ...

» Study the situation in a concrete model: free massive scalar
field in vacuum rep.

A = polynomials(φ(f )), f ∈ S (R4)

[φ(f ), φ(g)] =

∫
dp dq f̃ (−p)g̃(−q) C̃ (p, q) · 1

› Formally:

φ̃θ(p)φ̃θ′(p
′)− e ip·(θ+θ′)p′ φ̃θ′(p

′)φ̃θ(p) = C̃ (p, p′)U((θ′ − θ)p)
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› Certain functions of the vacuum translations U(x) lie inAΘ

› KMS condition gives no information about ωβ(U(x))

Form of KMS functionals

The set of all KMS functionals ωΘ
β onAΘ is precisely the family of

functionals given by the n-point distributions

ωΘ
β (φ̃θ1(p1) · · · φ̃θ2n+1

(p2n+1)) = 0 ,

ωΘ
β (φ̃θ1(p1) · · · φ̃θ2n(p2n)) =

w(−
2n∑
j=1

θjpj)
∏

1≤l<r≤n
e ipl ·θlpr

∑
(l ,r)∈C2n

n∏
k=1

C̃ (plk , prk )

1− e
βp0

l
k

+ipl
k
·
∑

2n

b=1
θbpb

with a largely undetermined function ‘‘w(x) = ωΘ
β (U(x))’’

› The ωΘ
β are translationally and rotationally invariant, normalized: ωΘ

β (1) = 1,

real: ωΘ
β (A

∗) = ωΘ
β (A)

› Calculation done using ‘‘twisted’’ KMS functionals [Buchholz/Longo 99]
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Positivity questions

Main Question: For which w is ωΘ
β a KMS state (ωΘ

β (A∗A) ≥ 0)?

› On eachA{θ}, positivity holds.
› Hard to explicitly see positivity onAΘ. Numerics?
› If w continuous: Positivity of two-point function,

ωΘ
β (A∗A) ≥ 0 for A =

n∑
k=1

φθk (fk) ,

requires w to be of positive type. Sufficient?

Positivity by continuity of deformation

Let A =
∑
φ(f1) · · ·φ(fn) ∈ Awith ωβ(A∗A) > 0 and

Â =
∑
φ(f1)θ1 · · ·φ(fn)θn . Then there exists ε > 0 such that

ωΘ
β (Â∗Â) > 0

for all θk with ‖θk‖ < ε. Problem: ε depends on A.
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Approximation by Gibbs states

Produce an explicit w -function by finite volume approximation
› Formulate deformed field theory in a box [0, L]3 with periodic
boundary conditions

› KMS states = (normal) Gibbs states ωβ,L(A) = Tr(e−βHA)
Tr(e−βH)

» thermodynamic limit:

w(x) = lim
L→∞

ωβ,L(UL(x)) =

{
1 ; x = 0

0 ; x 6= 0

ωΘ
β (φ̃θ1(p1) · · · φ̃θ2n(p2n)) =

∏
1≤l<r≤n

e ipl ·θlpr
∑

(l ,r)∈Cθ
2n

n∏
k=1

C̃ (plk , prk )

1− e
βp0

l
k

Cθ2n = {(l , r) ∈ C2n : θlk = θrk}
For distinct θ1, ..., θn:

ωΘ
β ((φθ1(f1) · · ·φθn(fn))∗(φθ1(f1) · · ·φθn(fn))) =

n∏
k=1

ωβ(φ(fk)∗φ(fk))
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Conclusion

› Covariant QFTs on Moyal Minkowski space with observable
algebraAΘ =

∨
θ∈ΘA{θ}

› KMS states on eachA{θ} are easy to get (positivity of Rieffel’s
deformation)

› KMS functionals on fullAΘ can be computed.

› Positivity?

› Structure of set of KMS states onAΘ needs further
investigation
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